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ABSTRACT
We apply the Batalin, Fradkin and Tyutin (BFT) formalism
to the SU(3) flavor Skyrmion model to investigate the Weyl or-
dering correction to the structure of the hyperne splittings of
strange baryons. Dierently from the Klebanov and Westerberg’s
standard rigid rotator approach to the SU(3) Skyrmion where the
angular velocity of the SU(2) rotation was used, we have exploited
the SU(2) collective coordinates which are naturally embedded in
the SU(3) group manifold so that, as in the SU(2) flavor case, we
can introduce the BFT scheme in the SU(3) Skyrmion to yield the
modied baryon energy spectrum. The Berry phases and Casimir
eects are also discussed.
PACS: 12.39.Dc, 11.10.Ef, 14.20.-c




It is well known that baryons can be obtained from topological solutions,
known as SU(2) Skyrmions, since the homotopy group 3(SU(2)) = Z ad-
mits fermions [1, 2, 3]. Using the collective coordinates of the isospin rotation
of the Skyrmion, Adkins et al. [1] have performed semiclassical quantization
having the static properties of baryons within 30% of the corresponding ex-
perimental data. After their work, several authors have been tried to general-
ize the Skyrmion model to include the strange flavor degrees of freedom[4, 5].
On the other hand, recently it has been shown that a method [6] developed
by Batalin, Fradkin and Tyutin (BFT), which converts the second class con-
straints into rst class ones by introducing auxiliary elds, gives an additional
energy term in SU(2) Skyrmion model[7].
The motivation of this paper is to extend the BFT scheme for the SU(2)
Skyrmion to the SU(3) flavor case so that one can investigate the Weyl or-
dering correction to c the ratio of the strange-light to light-light interaction
strengths and c that of the strange-strange to light-light. Dierently from the
Klebanov and Westerberg’s standard rigid rotator approach[4] to the SU(3)
Skyrmion where the angular velocity of the SU(2) rotation was used, we ex-
ploit the SU(2) collective coordinates which are naturally embedded in the
SU(3) group manifold so that, as in the SU(2) flavor case, one can introduce
the BFT scheme in the SU(3) Skyrmion to yield the modied baryon energy
spectrum and the structure of the hyperne splittings of strange baryons.














trM(U + U y − 2)] + LWZW , (1)
where f is the pion decay constant and e is a dimensionless parameter, and
U is an SU(3) matrix. M is proportional to the quark mass matrix given by





where m = 138 MeV, which is often neglected, and mK = 495 MeV. The
Wess-Zumino-Witten (WZW) term[8] is described by the action





where N is the number of colors, l = U
y∂U and the integral is done on the
ve-dimensional manifold M = V  S1  I with the three-space volume V ,
1
the compactied time S1 and the unit interval I needed for a local form of
WZW term.
Assuming maximal symmetry in the Skyrmion, we describe the hedgehog






where the τi (i=1,2,3) are Pauli matrices, x^ = ~x/r and f(r) is the chiral
angle determined by minimizing the static mass E given below and for unit
winding number limr!1 f(r) = 0 and f(0) = pi. On the other hand, since the
hedgehog ansatz has maximal or spherical symmetry, it is easily seen that
spin plus isospin equals zero, so that isospin transformations and spatial
rotations are related to each other.
Now we consider only the rigid motions of the SU(3) Skyrmion
U(~x, t) = A(t)U0(~x)A(t)y
where, to separate the SU(2) rotations from the deviations into strange di-







with A(t) 2 SU(2) and the small rigid oscillations S(t) around the SU(2)
rotations[9]. Furthermore, in the SU(2) subgroup of SU(3), the spin and
isospin states can be treated by the time-dependent collective coordinates
a = (a0,~a) (µ = 0, 1, 2, 3) corresponding to the spin and isospin rotations
as in the standard SU(2) Skyrmion
A(t) = a0 + i~a  ~τ.
With the hedgehog ansatz and the collective rotation A(t) 2 SU(2) in the
SU(2) embedding in the SU(3) manifold, the chiral eld can be given by
U(~x, t) = A(t)U0(~x)A
y(t) = eiaRabxˆbf(r) where Rab = 12tr(τaAτbA
y).
On the other hand the small rigid oscillations S, which were also used in






















After some algebra, the Skyrmion Lagrangian to order 1/N is then given
in terms of the SU(2) collective coordinates a and the strange deviations D
L = −E − 1
2
χm2 + 2I1 _a _a + 4I2 _Dy _D +
i
2
N(Dy _D − _DyD)
−χ(m2K −m2)DyD + 2i(I1 − 2I2)fDy(a0~_a− _a0~a + ~a ~_a)  ~τ _D
− _Dy(a0~_a− _a0~a + ~a ~_a)  ~τDg −NDy(a0~_a− _a0~a + ~a ~_a)  ~τD
+2(I1 − 4
3




I2)(Dy _D + _DyD)2
+2I2(Dy _D − _DyD)2 − i
3





where the soliton energy E, the moments of inertia I1 and I2, and the




















































χ = 8pif 2
∫ 1
0
drr2(1− cos f). (3)
The momenta pi and pis , conjugate to the collective coordinates a
 and the
strange deviation Dy are given by
pi0 = 4I1 _a0 − 2i(I1 − 2I2)(Dy~a  ~τ _D − _Dy~a  ~τD) + NDy~a  ~τD
~pi = 4I1~_a + 2i(I1 − 2I2)fDy(a0~τ − ~a ~τ) _D − _Dy(a0~τ − ~a ~τ)Dg
−NDy(a0~τ − ~a ~τ )D
pis = 4I2 _D − i
2




I2)(DyD) _D − (I1 − 4
3
I2)(Dy _D + _DyD)D
−4I2(Dy _D − _DyD)D + i
3
N(DyD)D
which satisfy the Poisson brackets
fa, pig = δ , fDy, pis g = fD, piys;g = δ.
Performing Legendre transformation, we obtain the Hamiltonian to order
1/N as follows













ypis − piysD) + (
N2
16I2





y(a0~pi − ~api0 + ~a ~pi)  ~τpis
−piys(a0~pi − ~api0 + ~a ~pi)  ~τDg+
N
8I2 D

























On the other hand, since the physical elds a are the collective coor-
dinates of the SU(2) group manifold isomorphic to the hypersphere S3, we
have the second class constraints
Ω1 = a
a − 1  0,
Ω2 = a
pi  0. (5)
Here one notes that the derivation of the second constraint is not trivial
dierently from that in the SU(2) Skyrmion model[7] where the constraints
(5) also hold. In other words, through the following complicated algebraic
relations
fa0, Hg = 1
4I1pi















y(a0~τ − ~a ~τ)pis
−piys(a0~τ − ~a ~τ)Dg+
N
8I2D
y(a0~τ − ~a ~τ )D,
we can obtain the Poisson commutator
fΩ1, Hg = 1
2IΩ2
which yields the second constraint of (5) since the secondary constraint comes
from the time evolution of Ω1. The above two constraints then yield the
Poisson algebra
kk′ = fΩk, Ωk′g = 2kk′aa
with 12 = −21 = 1. Using the Dirac bracket [10] dened by
fA, BgD = fA, Bg − fA, Ωkgkk′fΩk′, Bg
with kk
′
being the inverse of kk′ one can obtain the commutator relations
fa, agD = 0,




fpi, pigD = 1
aa
(api − api).
Now, maintaining the SU(2) symmetry originated from the massless u-
and d-quarks and following the abelian BFT formalism [6, 7] which systemat-
ically converts the second class constraints into rst class ones, we introduce
two auxiliary elds i corresponding to Ωi with the Poisson brackets
fi, jg = ij .









i = Ωi (6)
where Ω
(n)
i are polynomials in the auxiliary elds 
j of degree n, to be deter-
mined by the requirement that the rst class constraints ~Ωi satisfy an abelian
algebra as follows
f~Ωi, ~Ωjg = 0. (7)
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After some algebraic manipulations, one can obtain the desired rst class
constraints
~Ω1 = Ω1 + 2
1,
~Ω2 = Ω2 − aa2
which yield the strongly involutive rst class constraint algebra (7). On the
other hand, the corresponding rst class Hamiltonian is given by


























y(a0~pi − ~api0 + ~a ~pi)  ~τpis
−piys(a0~pi − ~api0 + ~a ~pi)  ~τDg+
N
8I2 D
y(a0~pi − ~api0 + ~a ~pi)  ~τD
+    (8)
where the ellipsis stands for the strange-strange interaction terms of order
1/N which can be readily read o from Eq. (4). Here one notes that the BFT
corrections for the second class constraints do not aect even the isospin-
strange coupling terms with the Pauli matrices τi. The above rst class
Hamiltonian is also strongly involutive with the rst class constraints
f~Ωi, ~Hg = 0.
Now the substitution of the rst class constraints into the Hamiltonian
(8) yields the Hamiltonian of the form
























y(a0~pi − ~api0 + ~a ~pi)  ~τpis
−piys(a0~pi − ~api0 + ~a ~pi)  ~τDg+
N
8I2 D
y(a0~pi − ~api0 + ~a ~pi)  ~τD
+    . (9)
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Following the symmetrization procedure[7], we obtain the Weyl ordering cor-
rection to the rst class Hamiltonian (9) as follows






























y~I  ~τD +    . (10)





(a0~pi − ~api0 + ~a ~pi)
which itself is invariant under the Weyl ordering procedure. Here, by using
the SU(2) collective coordinates a instead of the angular velocity of the
SU(2) rotation Ay _A = i
2
_~α  ~τ 1 used in Ref.[4], we have obtained the same
result (10) as that of Klebanov and Westerberg (KW) [4], apart from the
overall energy shift 1
8I1 originated from the BFT correction.
Following the quantization scheme of KW for the strangeness flavor di-
rection, one can obtain the Hamiltonian of the form































and ay is creation operator for constituent strange quarks and we have ignored
the irrelevant creation operator by for strange antiquarks[4]. Introducing the
1Here one notes that the collective coordinates aµ are associated with the angular
velocity of the SU(2) rotation ~˙α through the conversion relation a˙µa˙µ = 14 ~˙α  ~˙α.
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one can rewrite the Hamiltonian (11) as















c = 1− I1
2I2µ(µ− 1)
c = 1− I1I2µ2 (µ− 1).




2I1 [cJ(J + 1) + (1− c)(I(I + 1)−
Y 2 − 1
4
)






(1 + c− c)]
where ~J = ~I + ~Js is the total angular momentum of the quarks.
Next, using the Weyl ordering corrected (WOC) energy spectrum (12),
we easily obtain the hyperne structure of the nucleon and delta hyperon







(M∆ −MN )−1. (13)
Substituting the experimental values MN = 939 MeV and N∆ = 1232 MeV
into Eq. (13) and using the expressions for E and I1 given in Eq. (3), one
can predict the pion decay constant f and the Skyrmion parameter e in the
Weyl ordering corrected rigid rotator approach as follows
f = 52.9 MeV, e = 4.88.
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With these xed values of f and e, one can then proceed to evaluate the
inertia parameters as follows
I−11 = 198 MeV, I−12 = 613 MeV, χ−1 = 257 MeV, E = 840 MeV
to yield the predictions for the values of c and c
c = 0.27, c = 0.23 (14)
which are contained in Table 1, together with the experimental data and the
standard SU(3) rigid rotator and bound state approach predictions.2 Here
one notes that the massless SU(3) Skyrmions have the same values of c and
c both in the standard and WOC cases since the chiral angles are the same
in these cases. However, in the massive Skyrmions the equation of motion
for the chiral angle has an additional term proportional to (m/ef)
2[11] to
yield the discrepancies between the two chiral angles of the standard and
WOC cases since the standard Skyrmion has the values f = 54.0 MeV and
e = 4.84 dierent from the above ones in the massive WOC Skyrmion. With
these chiral angles and values of f and e, one can obtain dierent sets of
c and c in the massive standard and WOC Skyrmions, which are about 5%
improved with respect to those of the massless Skyrmions as shown in Table
1.
Now we investigate the relations between the Hamiltonian (12) and the
Berry phases[12]. In the Berry phase approach to the SU(3) Skyrmion, the
Hamiltonian takes the simple form[13]
H = K +
1
8I1 (
~R2 − 2gK ~R  ~TK + g2K ~T 2K) (15)
where K is the eigenenergy in the K state, gK is the Berry charge, ~R (~L) is
the right (left) generators of the group SO(4)  SU(2)  SU(2) and ~TK is





2Here we have the modified predictions c = 0.22 and c¯ = 0.34 of the standard rigid
rotator without pion mass since the numerical evaluation for the inertia parameters should
be fixed with the values I−11 = 196 MeV, I−12 = 528 MeV, χ−1 = 182 MeV and E =
866 MeV, instead of I−11 = 211 MeV, I−12 = 552 MeV, χ−1 = 202 MeV and E =
862 MeV which yields c = 0.28 and c¯ = 0.35[4], to be consistent with the parameter fit
fpi = 64.5 MeV, e = 5.45 used in the massless standard SU(2) Skyrmion[1]. Also one
notes that the bound state approach does not include the quartic terms in the kaon field.
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and ~L2 = ~R2 on S3. Applying the BFT scheme to the Hamiltonian (15) we
can obtain the Hamiltonian of the form
~H = K +
1
2I1 (
~I2 + gK~I  ~TK + (gK
2




In the case with the relation c = c2, the Hamiltonian (12) is equivalent to
~H in the Berry phase approach where the corresponding physical quantities
can be read o as follows






gK = 2c. (17)
The same case with the Hamiltonian (16) follows from the quark model and
the bound state approach with the quartic terms in the kaon eld neglected.
In fact, the strange-strange interactions in the Hamiltonian (12) break these
relations to yield the numerical values of c in Table 1.
Next, in order to take into account the missing order N0 eects, we
consider the Casimir energy contributions to the Hamiltonian (12). The
Casimir energy originated from the meson fluctuation can be given by the




































+    (18)
where the ellipsis denotes the contributions from the counter terms and the
bound states (if any). Here µ is the energy scale and δ(p) is the phase shift
with the momentum p and the coecients ai (i = 0, 1, 2) are dened by the
asymptotic expansion of δ0(p), namely, δ0(p) = 3a0p2 + a1 − a¯2p2 +   . Even
though the Casimir energy correction does not contribute to the ratios c and
c associated with the order 1/N piece of the Hamiltonian (12), these eects
seem to be signicant in other physical quantities such as the H dibaryon
mass[5] which will be studied elsewhere.
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Table 1: The values of c and c in the bound state and the standard and
Weyl ordering corrected (WOC) rigid rotator approaches to the massless
and massive SU(3) Skyrmions compared with experimental data.
Source c c
Bound state, partial 0.60 0.36
Rigid rotator, massless standard 0.22 0.34
Rigid rotator, massless WOC 0.22 0.34
Rigid rotator, massive standard 0.26 0.23
Rigid rotator, massive WOC 0.27 0.23
Experiment 0.67 0.27
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